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1. PRELIMINARIES
We studied the following metrics on R4+ = R
3 £R+.
(1.1) ds2 =
1
x4x4
n 3X
b;c=1
³
±bc ¡ axbxc1 + ar2
´
dxbdxc ¡ 11 + ax4x4dx4dz4
o
and
(1.2) ds2 =
1
x4x4
n 3X
b;c=1
³ 8
(x3 + 3r)2
(r2±bc ¡ xbxc)
+
xbxc
r2(1 + ar2)
´
dxbdxc ¡ 11 + ax4x4dx4dx4
o
;
where r2 =
P3
b=1 xbxb, a = constant, in [3], [4] and [5].
We proved that any geodesic of (1.1) is a plane curve in R3 but thoses
of (1.2) are not so in general. The curvature tensor Rjihk of both metrics
ds2 =
P4
i;j=1 gijdxidxj satis¯es the equalities:
(1.3) Rjihk = ±ihgjk ¡ ±ikgjh; i; j; h; k = 1; 2; 3; 4:
They are derived as special ones from the metric in R4+:
ds2 =
1
u4u4
4X
i;j=1
Fijduiduj ; Fij = Fji;
where u1 = r; u2 = µ; u3 = Á; u4 = x4 and
x1 = r sin µ cosÁ; x2 = r sin µ sinÁ; x3 = r cos µ;
and (r; µ; Á) are the polar coordinates of R3; gij = Fij=u4u4 satis¯es the
Einstein condition
Rij =
R
4
gij ; Rij =
4X
k=1
Ri
k
kj ; R =
4X
i;j=1
gijRij ;
(gij) = (gij)¡1, and
Fij = Fij(u1; u2) except for F44 = F44(u1; u2; u4)
and
F12 = F®¸ = 0 (® = 1; 2; ¸ = 3; 4):
163
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We proved in Proposition 1 in [4] that: Putting the restriction
(1.4) F33=F22 = sin2 u2 £ constant
to obtain the above mentioned metric gij = Fij=u4u4, it is necessary and
su±cient to solve the system of the di®erential equations on y = 1=F22 as
@2y
@u2@u1
¡ 1
y
@y
@u2
@y
@u1
= ¡¾2 sinu2;(1.5)
@2y
@u2@u2
¡ 1
y
@y
@u2
@y
@u2
+
cosu2
sinu2
@y
@u2
+ 2y ¡ 1
2
¾ ¡ 2c1 = 0(1.6)
and
(1.7) (¾ + 4c1)
@y
@u1
+ 2¾2 sinu2
@y
@u2
¡ (¾0 + 4¾2 cosu2)y = 0;
where c1 = integral constant and ¾ = ¾(u1); ¾2 = ¾2(u1) are auxiliary
functions of u1 only.
And we obtained the main theorems, Theorem 3 and Theorem 4 in [4]:
The solutions of the system of equations (1.5), (1.6) and (1.7) on y with
y(0; 0) 6= 0 and y(0; 0) = 0 are given by
(1.8) y =
¾ + 4c1
2
n³
b0½
2 +
1
16b0½2
´³
1¡ 1
2
sin2 u2
´
+
1
4
sin2 u2 +
³
b0½
2 ¡ 1
16b0½2
´
cosu2
o
and
(1.9) y = (¾ + 4c1) sinu2
n1
2
sinu2 +
b1½
2
(1 + cosu2) +
1
8b1½
(1¡ cosu2)
o
respectively, where b0 6= 0, b1 6= 0 and c1 are constants and ¾ and ½ are
auxiliary functions depending on u1 only. For the above metrics, we see
that
F11 =
1
¾
³@ logF22
@u1
´2
by (5.10) in [4] and for Case I:
F34 = bF33; b = constant;
we have
F44 = b2F33 +
1
c0 + c1u4u4
; c0; c1 = constants
by (5.2) in [4], and
½ = exp
³Z 2¾2
¾ + 4c1
du1
´
; with ½(0) = 1
by (6.4) in [4].
2
Mathematical Journal of Okayama University, Vol. 45 [2003], Iss. 1, Art. 8
http://escholarship.lib.okayama-u.ac.jp/mjou/vol45/iss1/8
CERTAIN METRICS ON R4+ (III) 165
Now, we put
¾ + 4c1 =
4
u1u1
and ½ = 1¡mu1;
m = constant, then we obtain
(1.11) ¾2 =
¾ ¡ 2m
u1u1(1¡mu1) :
Regarding (1.8) we have³
b0½
2 +
1
16b0½2
´³
1¡ 1
2
sin2 u2
´
+
1
4
sin2 u2 +
³
b0½
2 ¡ 1
16b0½2
´
cosu2
=
³
b0½
2 +
1
16b0½2
´³1
2
+
1
2
cos2 u2
´
+
1
4
¡ 1
4
cos2 u2
+
³
b0½
2 ¡ 1
16b0½2
´
cosu2
=
³1
2
³
b0½
2 +
1
16b0½2
´
¡ 1
4
´
cos2 u2 +
³
b0½
2 ¡ 1
16b0½2
´
cosu2
+
1
2
³
b0½
2 +
1
16b0½2
´
+
1
4
=
1
2
b0
³
½¡ 1
4b0½
´2
cos2 u2 + b0
³
½¡ 1
4b0½
´³
½+
1
4b0½
´
cosu2
+
1
2
b0
³
½+
1
4b0½
´2
=
1
2
b0
n³
½¡ 1
4b0½
´
cosu2 +
³
½+
1
4b0½
´o2
and so we obtain
F22 =
1
y
=
2
¾ + 4c1
£ 2
b0f(½¡ 14b0½) cosu2 + (½+ 14b0½)g2
=
4b0½2
(¾ + 4c1)f(b0½2 ¡ 14) cosu2 + (b0½2 + 14)g2
and substituting (1.10) into which we have
(1.12) F22 =
b0u1u1(1¡mu1)2
fb0(1¡mu1)2 ¡ 14) cosu2 + b0(1¡mu1)2 + 14g2
and we obtain
(1.13) F11 =
1
¾
³@ logF22
@u1
´2
=
1
(1¡ c1u1u1)(1¡mu1)2
£
n
1¡ mu1(1¡ cosu2)
2(b0(1¡mu1)2 ¡ 14) cosu2 + b0(1¡mu1)2 + 14
o2
:
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And by Theorem 2 and Case I in [4] and setting b = 0; we obtain
F34 = 0;(1.14)
F33 = c sin2 u2F22 and F44 =
1
c0 + c1u4u4
(1.15)
where c; c0; c1 = constants.
In this work, we study the family of metrics given by (1.12) » (1.15),
especially with m = 0, and the metics (1.1) and (1.2) which belong to this
family and show that the equalities (1.3) for the curvatures hold for any one
of this family.
2. CURVATURES OF THE METRICS
(1.12) » (1,15)
Let us use an auxilliary function of u2 for simplicity as
H = (b0 ¡ 14) cosu2 + b0 +
1
4
(2.1)
= 2b0 cos2
u2
2
+
1
2
sin2
u2
2
;
and consider a metric:
ds2 =
X
i;j
gijduiduj =
1
u4u4
X
i;j
Fijduiduj ;
gij =
1
u4u4
Fij ; Fij = Fji
given by (1.12) » (1.15) as
F11 =
1
1 + au1u1
; F22 =
b0u1u1
H2
; F33 =
b0u1u1 sin2 u2
H2
;(2.2)
F34 = 0; F44 = ¡ 11 + au4u4 ; F12 = F®¸ = 0;
® = 1; 2 and ¸ = 3; 4, where we set the constants as
m = 0; b = 0; c0 = ¡1; c1 = ¡a; c = 1:
In the following, we set as ®; ¯; °; : : : = 1; 2 and ¸; ¹; º; : : : = 3; 4
Proposition 1. When b0 = 14 , the metric (2.2) becomes the metric (1.1).
Proof. The metric (2.2) with b0 = 14 is written as
ds2 =
1
u4u4
n 1
1 + au1u1
du1du1 + u1u1(du2du2 + sin2 u2du3du3)
¡ 1
1 + au4u4
du4du4
o
4
Mathematical Journal of Okayama University, Vol. 45 [2003], Iss. 1, Art. 8
http://escholarship.lib.okayama-u.ac.jp/mjou/vol45/iss1/8
CERTAIN METRICS ON R4+ (III) 167
=
1
x4x4
n 1
1 + ar2
drdr + r2(dµdµ + sin2 µdÁdÁ)¡ 1
1 + ax4x4
dx4dx4
o
=
1
x4x4
n 1
1 + ar2
drdr +
X
b
dxbdxb ¡ (
X
b
xb
r
dxb)2
¡ 1
1 + ax4x4
dx4dx4
o
=
1
x4x4
nX
b
dxbdxb +
1
r2(1 + ar2)
(
X
b
xbdxb)2 ¡ 1
r2
(
X
b
xbdxb)2
¡ 1
1 + ax4x4
dx4dx4
o
=
1
x4x4
nX
b
dxbdxb ¡ a1 + ar2 (
X
b
xbdxb)2 ¡ 11 + ax4x4dx4dx4
o
=
1
x4x4
n 3X
b;c=1
³
±bc ¡ a1 + ar2xbxc
´
dxbdxc ¡ 11 + ax4x4dx4dx4
o
;
since H = 12 , which is the metric (1.1). ¤
Proposition 2. When b0 = 12 , the metric (2.2) becomes the metric (1.2).
Proof. Since we have
H =
1
4
cosu2 +
3
4
=
1
4
(cosu2 + 3) =
1
4
(
x3
r
+ 3);
the metric (2.2) is written as
ds2 =
1
u4u4
n 1
1 + au1u1
du1du1 +
b0u1u1
H2
(du2du2 + sin2 u2du3du3)
¡ 1
1 + au4u4
du4du4
o
=
1
x4x4
n 1
1 + ar2
drdr +
8r4
(x3 + 3r)2
((dµdµ + sin2 u2dÁdÁ)
¡ 1
1 + ax4x4
dx4dx4
o
=
1
x4x4
n (rdr)2
r2(1 + ar2)
+
8r2
(x3 + 3r)2
(
X
b
dxbdxb ¡ (
X
b
xb
r
dxb)2)
¡ 1
1 + ax4x4
dx4dx4
o
=
1
x4x4
n 8
(x3 + 3r)2
(r2
X
b
dxbdxb ¡ (
X
b
xbdxb)2)
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+
1
r2(1 + ar2)
(
X
b
xbdxb)2 ¡ 11 + ax4x4dx4dx4
o
=
1
x4x4
n 3X
b;c=1
³ 8
(x3 + 3r)2
(r2±bc ¡ xbxc)
+
xbxc
r2(1 + ar2)
´
dxbdxc ¡ 11 + ax4x4dx4dx4
o
;
which is the metric (1.2). ¤
In the following we shall compute the curvature tensor of the metric (2.2):
(2.3) Rj ihk =
@
@uh
fjikg ¡ @
@uk
fjihg+
X
`
f`ihggfj`kg ¡
X
`
f`ikgfj`hg;
where fjihg are the Christo®el symbols made by gij :
(2.4) fjihg = 12
X
k
gik
³@gkh
@uj
+
@gjk
@uh
¡ @gjh
@uk
´
;
and
³
gij
´
=
³
gij
´¡1
; i; j; h; k = 1; 2; 3; 4:
Exactly, we obtain from (2.2) or by (1.4) in [4]
f¯®°g = 12F
®®
³
±®¯
@F®®
@u°
+ ±®°
@F®®
@u¯
¡ ±¯° @F¯¯
@u®
´
;
that is
f111g = 12F
11@F11
@u1
= ¡ au1
1 + au1u1
; f121g = ¡12F
22@F11
@u2
= 0;(2.5)
f112g = 12F
11@F11
@u2
= 0; f122g ¡ 12F
22@F22
@u1
=
1
u1
;
f212g = ¡12F
11@F22
@u2
= ¡ 1
H2
b0u1(1 + au1u1);
f222g = 12F
22@F22
@u2
=
1
H
(b0 ¡ 14) sinu2
and
f¯¸°g = 1
u4
F 4¸F¯° ; f¯®¹g = ¡ 1
u4
±®¯ ±4¹; f¯¸¹g =
1
2
F ¸¸
@F¸¹
@u¯
;(2.6)
f¹®ºg = ¡12F
®®@F¹º
@u®
; f¹¸ºg = f¹¸ºg¤ ¡ 1
u4
(±¸¹±
4
º + ±
¸
º ±
4
¹ ¡ F 4¸F¹º);
6
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where
f¹¸ºg¤ = 12
4X
½=3
F ¸½
³@F½º
@u¹
+
@F¹½
@uº
¡ @F¹º
@u½
´
;
³
F ij
´
=
³
Fij
´¡1
and
f3¸3g¤ = ¡12F
¸4@F33
@u4
= 0; f3¸4g¤ = 12F
¸3@F33
@u4
= 0;
f4¸4g¤ = 12F
¸4@F44
@u4
= ¡±¸4
au4
1 + au4u4
;
therefore we have
f3¸3g = 1
u4
F ¸4F33; f3¸4g = ¡ 1
u4
±¸3 ;(2.7)
f4¸4g = ¡±¸4
³ 1
u4
+
au4
1 + au4u4
´
:
Now, using (2,5) » (2,7), we compute the components Rjihk. First, we
have
R¯
®
12 =
@
@u1
f¯®2g ¡ @
@u2
f¯®1g+
X
`
f`®1gf¯`2g ¡
X
`
f`®2gf¯`1g
=
1
2
@
@u1
³
F®®
³@F¯®
@u2
+
@F®2
@u¯
¡ @F¯2
@u®
´´
¡ 1
2
@
@u2
³
F®®
³@F¯®
@u1
+
@F®1
@u¯
¡ @F¯1
@u®
´´
+
1
4
X
°
F®®
³@F°®
@u1
+
@F®1
@u°
¡ @F°1
@u®
´
£ F °°
³@F¯°
@u2
+
@F°2
@u¯
¡ @F¯2
@u°
´
+
X
¸
³
¡ 1
u4
±®1 ±4¸
´³ 1
u4
F 4¸F¯2
´
¡ 1
4
X
°
F®®
³@F°®
@u2
+
@F®2
@u°
¡ @F°2
@u®
´
F °°
³@F¯°
@u1
+
@F°1
@u¯
¡ @F¯1
@u°
´
¡
X
¸
³
¡ 1
u4
±®2 ±4¸
´³ 1
u4
F 4¸F¯1
´
=
1
2
F®®
³ @2F¯®
@u1@u2
+
@2F®2
@u1@u¯
¡ @
2F¯2
@u1@u®
¡ @
2F¯®
@u2@u1
¡ @
2F®1
@u2@u¯
+
@2F¯1
@u2@u1
´
+
1
2
@F®®
@u1
³@F¯®
@u2
+
@F®2
@u¯
¡ @F¯2
@u®
´
¡ 1
2
@F®®
@u2
³@F¯®
@u1
+
@F®1
@u¯
¡ @F¯1
@u®
´
+
1
4
X
°
F®®F °°
³@F°®
@u1
+
@F®1
@u°
7
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¡ @F°1
@u®
´³@F¯°
@u2
+
@F°2
@u¯
¡ @F¯2
@u°
´
¡ 1
4
X
°
F®®F °°
³@F°®
@u2
+
@F®2
@u°
¡ @F°2
@u®
´³@F¯°
@u1
+
@F°1
@u¯
¡ @F¯1
@u°
´
¡ 1
u4u4
±®1 F
44F¯2 +
1
u4u4
±®3 F
44F¯1
=
1
2
F®®
³
±®2
@2F22
@u1@u¯
¡ ±¯2 @
2F22
@u1@u®
´
+
1
2
@F®®
@u1
³
±®¯
@F¯¯
@u2
+ ±®2
@F22
@u¯
¡ ±¯2@F22
@u®
´
¡ 1
2
@F®®
@u2
³
±®¯
@F¯¯
@u1
+ ±®1
@F11
@u¯
¡ ±¯1@F11
@u®
´
+
1
4
X
°
F®®F °°
³
±®°
@F®®
@u1
+ ±®1
@F11
@u°
¡ ±°1@F11
@u®
´³
±¯°
@F¯¯
@u2
+ ±°2
@F22
@u¯
¡ ±¯2@F22
@u°
´
¡ 1
4
X
°
F®®F °°
³
±®°
@F®®
@u2
+ ±®2
@F22
@u°
¡ ±°2@F22
@u®
´³
±¯°
@F¯¯
@u1
+ ±°1
@F11
@u¯
¡ ±¯1@F11
@u°
´
¡ 1
u4u4
F 44(±®1 F¯2 ¡ ±®2 F¯1)
=
1
2
³
±®2 F
22 @
2F22
@u¯@u1
¡ ±¯2F®® @
2F22
@u®@u1
´
+
1
2
³
±®¯
@F ¯¯
@u1
@F¯¯
@u2
+ ±®2
@F 22
@u1
@F22
@u¯
¡ ±¯2@F
®®
@u1
@F22
@u®
´
¡ 1
2
³
±®¯
@F ¯¯
@u2
@F¯¯
@u1
+ ±®1
@F 11
@u2
@F11
@u¯
¡ ±¯1@F
®®
@u2
@F11
@u®
´
+
1
4
n
F®®F®®
@F®®
@u1³
±®¯
@F¯¯
@u2
+ ±®2
@F22
@u¯
¡ ±¯2@F22
@u®
´
+ F®®±®1
³
F ¯¯
@F11
@u¯
@F¯¯
@u2
+ F 22
@F11
@u2
@F22
@u¯
¡ ±¯2F 11@F11
@u1
@F22
@u1
´
¡ F®®F 11@F11
@u®
³
±¯1
@F¯¯
@u2
¡ ±¯2@F22
@u1
´o
¡ 1
4
n
F®®F®®
@F®®
@u2³
±®¯
@F¯¯
@u1
+ ±®1
@F11
@u¯
¡ ±¯1@F11
@u®
´
+ F®®±®2
³
F ¯¯
@F22
@u¯
@F¯¯
@u1
+ F 11
@F22
@u1
@F11
@u¯
¡ ±¯1F 11@F22
@u1
@F11
@u1
´
¡ F®®F 22
³@F22
@u®
±¯2
@F¯¯
@u1
¡ @F22
@u®
±¯1
@F11
@u2
´o
+
1 + au4u4
u4u4
(±®1 F¯2 ¡ ±®2 F¯1);
8
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which is arranged as
=
1
2
±®2 F
22
³
¡ 2
u1u1
±1¯F22 +
2
u1
@F22
@u¯
´
¡ 1
2
±¯2F
®®
³
¡ 2
u1u1
±®1 F22
+
2
u1
@F22
@u®
´
+
1
2
³
¡±®2
1
F22F22
@F22
@u1
@F22
@u¯
+ ±¯2
1
F®®F®®
@F®®
@u1
@F22
@u®
¡ ±¯1 1
F®®F®®
@F®®
@u2
@F11
@u®
´
+
1
4
n
F®®F®®
³
±®2
@F®®
@u1
@F22
@u¯
¡ ±®1
@F®®
@u2
@F11
@u¯
¡ ±¯2@F®®
@u1
@F22
@u®
+ ±¯1
@F®®
@u2
@F11
@u®
´
+ F®®F ¯¯
³
±®1
@F11
@u¯
@F¯¯
@u2
¡ ±®2
@F22
@u¯
@F¯¯
@u1
´
¡ F®®±®2 F 11
@F22
@u1
@F11
@u¯
¡ F®®F 11
³
±®1 ±¯2
@F11
@u1
@F22
@u1
¡ ±®2 ±¯1
@F22
@u1
@F11
@u1
¡ ±¯2@F11
@u®
@F22
@u1
´
+ F®®F 22±¯2
@F22
@u®
@F¯¯
@u1
o
+ a(±®1 F¯2 ¡ ±®2 F¯1) +
1
u4u4
(±®1 F¯2 ¡ ±®2 F¯1)
= ±®1
h 1
u1u1
±¯2F
®®F22 ¡ 14F
®®@ logF®®
@u2
@F11
@u¯
+
1
4
F®®
@F11
@u¯
@ logF¯¯
@u2
¡ 1
4
F®®±¯2
@ logF11
@u1
@F22
@u1
+ aF¯2 +
1
u4u4
F¯2
i
¡ ±®2
h 1
u1u1
±1¯ ¡ 1
u1
@ logF22
@u¯
+
1
2
@ logF22
@u1
@ logF22
@u¯
¡ 1
4
F®®
@ logF®®
@u1
@F22
@u¯
+
1
4
F®®
@F22
@u¯
@ logF¯¯
@u1
+
1
4
F®®
@F22
@u1
@ logF11
@u¯
¡ 1
4
±¯1F
®®@F22
@u1
@ logF11
@u1
+ aF¯1 +
1
u4u4
F¯1
i
+ ±¯1
h
¡1
2
F®®
@ logF®®
@u2
@F11
@u®
+
1
4
F®®
@ logF®®
@u2
@F11
@u®
i
¡ ±¯2
h 1
u1
F®®
@F22
@u®
¡ 1
2
F®®
@ logF®®
@u1
@F22
@u®
+
1
4
F®®
@ logF®®
@u1
@F22
@u®
¡ 1
4
F®®
@ logF11
@u®
@F22
@u1
¡ 1
4
F®®
@ logF22
@u®
@F¯¯
@u1
i
= ±®1
h
F®®
³ 1
u1u1
±¯2F22 ¡ 14
@ logF®®
@u2
@F11
@u¯
¡ 1
2u1
±¯2
@ logF11
@u1
F22
´
+ aF¯2
i
¡ ±®2
h 1
u1u1
±1¯ + F®®
³
¡1
4
@ logF®®
@u1
@F22
@u¯
9
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+
1
4
@F22
@u¯
@ logF¯¯
@u1
´
+ aF¯1
i
+
1
u4u4
(±®1F¯2 ¡ ±®2 F¯1)
¡ 1
4
±¯1F
®®@ logF®®
@u2
@F11
@u®
¡ ±¯2
h 1
u1
F®®
@F22
@u®
¡ 1
4
F®®
@ logF®®
@u1
@F22
@u®
¡ 1
2u1
F®®
@ logF11
@u®
F22 ¡ 14F
®®@ logF22
@u®
@F¯¯
@u1
i
;
here we compute the above expression by dividing in the two cases ® = 1
and 2 as follows.
R¯
1
12 = F 11
³ 1
u1u1
±¯2F22 ¡ 12u1 ±¯2
¡2au1
1 + au1u1
F22
´
+ aF¯2
+
1
u4u4
F¯2 ¡ ±¯2
hF 11
u1
2F22
u1
¡ 1
4
(1 + au1u1)
¡2au1
1 + au1u1
2F22
u1
¡ 1
2u1
(1 + au1u1)
¡2au1
1 + au1u1
F22 ¡ 14F
11 2
u1
@F¯¯
@u1
i
= F 11F22±¯2
³ 1
u1u1
+
a
1 + au1u1
´
+ aF¯2 +
1
u4u4
F¯2
¡ ±¯2
h
F 11
2
u1u1
F22 + aF22 + aF22 ¡ 12u1F
11@F¯¯
@u1
i
= ±¯2F22
³1 + au1u1
u1u1
+ a
´
+ a±¯2F22 +
1
u4u4
F¯2
¡ ±¯2
h2(1 + au1u1)
u1u1
F22 + 2aF22 ¡ 1 + au1u12u1
@F¯¯
@u1
i
= ±¯2F22
³
¡1 + au1u1
u1u1
+ a
´
¡ a±¯2F22 + ±¯2 1 + au1u12u1
@F¯¯
@u1
+
1
u4u4
F¯2
= ¡1 + au1u1
u1u1
±¯2F22 + ±¯2
1 + au1u1
2u1
2
u1
F22 +
1
u4u4
F¯2
=
1
u4u4
F¯2:
And
R¯
2
12 = ¡
h 1
u1u1
±¯1 + F 22
³
¡1
4
2
u1
@F22
@u¯
+
1
4
@F22
@u¯
@ logF¯¯
@u1
´
+ aF¯1
+
1
u4u4
F¯1
i
¡ ±¯2
h 1
u1
@ logF22
@u2
¡ 1
4
F 22
2
u1
@F22
@u2
¡ 1
4
F 22
@ logF22
@u2
@F¯¯
@u1
i
10
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= ¡
h 1
u1u1
±¯1 ¡ 12u1
@ logF22
@u¯
+
1
4
@ logF22
@u¯
@ logF¯¯
@u1
+ aF¯1
+
1
u4u4
F¯1
i
¡ ±¯2
h 1
u1
@ logF22
@u2
¡ 1
2u1
@ logF22
@u2
¡ 1
4
F 22
@ logF22
@u2
@F22
@u1
i
;
from which we obtain
R1
2
12 = ¡
h 1
u1u1
¡ 1
2u1
2
u1
+
1
4
2
u1
@ logF11
@u1
+ aF11 +
1
u4u4
F11
i
= ¡
h 1
2u1
@ logF11
@u1
+ aF11 +
1
u4u4
F11
i
= ¡ 1
2u1
¡2au1
1 + au1u1
¡ a
1 + au1u1
¡ 1
u4u4
F11
= ¡ 1
u4u4
F11
and
R2
2
12 = ¡
h
¡ 1
2u1
@ logF22
@u2
+
1
4
@ logF22
@u2
@ logF22
@u1
i
¡
h 1
u1
@ logF22
@u2
¡ 1
2u1
@ logF22
@u2
¡ 1
2u1
@ logF22
@u2
i
= 0:
These results can be written as
(2.8) R¯®12 =
1
u4u4
(±®1 F¯2 ¡ ±®2 F¯1) = ±®1 g¯2 ¡ ±®2 g¯1:
Next, we obtain by (1.6) in [4]
R¯
¸
12 = ¡ 1
u4
±¯1
n @
@u2
(F ¸4F11) +
1
2
F11
X
º;¹
F ¸ºF¹4
@Fº¹
@u2
¡ 1
2
F11F
¸4F ¯¯
@F¯¯
@u2
¡ 1
2
F ¸4
@F¯¯
@u2
o
+
1
u4
±¯2
n @
@u1
(F ¸4F22)
+
1
2
F22
X
º;¹
F ¸ºF¹4
@Fº¹
@u1
¡ 1
2
F22F
¸4F ¯¯
@F¯¯
@u1
¡ 1
2
F ¸4
@F¯¯
@u1
o
= ¡ 1
u4
±¯1
n@F ¸4
@u2
F11 +
1
2
F11F
¸4F 44
@F44
@u2
¡ 1
2
F11F
¸4F 11
@F11
@u2
¡ 1
2
F ¸4
@F11
@u2
o
+
1
u4
±¯2
n@F ¸4
@u1
F22 + F ¸4
@F22
@u1
+
1
2
F22F
¸4F 44
@F44
@u1
¡ 1
2
F22F
¸4F 22
@F22
@u1
¡ 1
2
F ¸4
@F22
@u1
o
= 0;
11
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that is
(2.9) R¯¸12 = 0:
Next, we have by (1.7) in [4]
R¸
®
12 = ¡ 12u4
n
F 34
³
±®1
@F3¸
@u2
¡ ±®2
@F3¸
@u1
´
+ F 44
³
±®1
@F4¸
@u2
¡ ±®2
@F4¸
@u1
´o
= 0;
that is
(2.10) R¸®12 = 0:
Then we have by (1.8) in [4]
R¸
¹
12 =
1
4
X
º
³@F¹º
@u1
@Fº¸
@u2
¡ @F
¹º
@u2
@Fº¸
@u1
´
=
1
4
n@F¹3
@u1
@F3¸
@u2
+
@F¹4
@u1
@F4¸
@u2
¡ @F
¹3
@u2
@F3¸
@u1
¡ @F
¹4
@u2
@F4¸
@u1
o
=
1
4
n
±¹3
@F 33
@u1
±3¸
@F33
@u2
+ ±¹4
@F 44
@u1
±4¸
@F44
@u2
¡ ±¹3@F
33
@u2
±3¸
@F33
@u1
¡ ±¹4@F
44
@u2
±4¸
@F44
@u1
o
=
1
4
±¹3±3¸
³@F 33
@u1
@F33
@u2
¡ @F
33
@u2
@F33
@u1
´
= 0;
that is
(2.11) R¸¹12 = 0;
Next, we have by (1.9) in [4]
R¯
®
º° =
1
2u4
³
±®°
X
¾
F 4¾
@F¾º
@u¯
¡ F®®F¯°
X
¾
F 4¾
@F¾º
@u®
´
=
1
2u4
n
±®°
³
F 43
@F3º
@u¯
+ F 44
@F4º
@u¯
´
¡ F®®F¯°F 44@F4º
@u®
o
= 0;
that is
(2.12) R¯®º° = 0:
And we have by (1.10) in [4]
R¯
¸
º° =
³ 1
2u4
@F 4¸
@uº
¡ 1
u4u4
±¸ºF
44
´
F¯° ¡ 12
X
¾
F ¸¾
@2F¾º
@u¯@u°
¡ 1
2
X
¾
@F ¸¾
@u°
@F¾º
@u¯
+
1
4
X
¾
F ¸¾
³@F¾º
@u¯
F ¯¯
@F¯¯
@u°
+
@F¾º
@u°
F °°
@F°°
@u¯
12
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¡
X
®
@Fº¾
@u®
F®®
@F¯¯
@u®
±¯° ¡
X
¹;½
F¹½
@F¾¹
@u°
@F½º
@u¯
´
=
1
2u4
³
±¸4
@F 44
@u4
±4º +
2
u4
(1 + au4u4)±¸º
´
F¯° ¡ 12F
¸3 @
2F3º
@u¯@u°
¡ 1
2
F ¸4
@2F4º
@u¯@u°
¡ 1
2
@F ¸3
@u°
@F3º
@u¯
¡ 1
2
@F ¸4
@u°
@F4º
@u¯
+
1
4
F ¸¸
³@F¸º
@u¯
F ¯¯
@F¯¯
@u°
+
@F¸º
@u°
F °°
@F°°
@u¯
¡
X
®
@Fº¸
@u®
F®®
@F¯¯
@u®
±¯° ¡
X
º;½
F¹½
@F¸¹
@u°
@F½º
@u¯
´
;
which is arranged as follows:
(2.13) R¯¸º° =
1
u4u4
±¸ºF¯° + ±
¸
3 ±
3
ºA¯° +
1
4
±¸ºB¯
¸
º° ;
where we set
(2.14) A¯° = aF¯° ¡ 12F
33 @
2F33
@u¯@u°
¡ 1
2
@F 33
@u°
@F33
@u¯
and
(2.15) B¯¸º° = F ¸¸
@F¸¸
@u¯
@ logF¯¯
@u°
+ F ¸¸
@F¸¸
@u°
@ logF°°
@u¯
¡
X
®
F ¸¸
@F¸¸
@u®
F®®
@F¯¯
@u®
±¯° ¡ F ¸¸F ¸¸@F¸¸
@u°
@Fºº
@u¯
:
Regarding these auxiliary expressions A¯° ; B¯¸º° we show the following.
First we set
(2.16) H¤ = b0 ¡ 14 + (b0 +
1
4
) cosu2
which is similar to H = (b0 ¡ 14) cosu2 + b0 + 14 . We have from (2.14)
A¯° = aF¯° ¡ 12
³@2 logF33
@u¯@u°
+
@ logF33
@u¯
@ logF33
@u°
´
+
1
2
@ logF33
@u°
@ logF33
@u¯
= aF¯° ¡ 12
@2 logF33
@u¯@u°
= aF¯° ¡ @
2
@u¯@u°
log
³u1 sinu2
H
´
= aF¯° ¡ @
@u¯
³ 1
u1
±1° +
³cosu2
sinu2
+
1
H
(b0 ¡ 14) sinu2
´
±2°
´
13
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= aF¯° +
1
u1u1
±1¯±
1
° ¡
@
@u2
³ H¤
H sinu2
´
±2¯±
2
°
= aF¯° +
1
u1u1
±1¯±
1
° ¡
H¤
H sinu2
³
¡ 1
H¤
(b0 +
1
4
) sinu2
+
1
H
(b0 ¡ 14) sinu2 ¡
cosu2
sinu2
´
±2¯±
2
° ;
that is
(2.14') A¯° = aF¯° +
1
u1u1
±1¯±
1
° +
³ b0
H2
+
H¤ cosu2
H sin2 u2
´
±2¯±
2
° :
Then, from (2.15) we have
B¯
3
3° = F 33
@F33
@u¯
@ logF¯¯
@u°
+ F 33
@F33
@u°
@ logF°°
@u¯
¡
X
®
F 33
@F33
@u®
F®®
@F¯¯
@u®
±¯° ¡ F 33F 33@F33
@u°
@F33
@u¯
=
@ logF33
@u¯
@ logF¯¯
@u°
+
@ logF33
@u°
@ logF°°
@u¯
¡
³@ logF33
@u1
F 11
@F¯¯
@u1
+
@ logF33
@u2
F 22
@F¯¯
@u2
´
±¯°
¡ @ logF33
@u°
@ logF33
@u¯
;
using the equality
@ logF33
@u¯
=
2
u1
±1¯ +
2H¤
H sinu2
±2¯
the above expression becomes
= 2
³ 1
u1
±1¯ +
H¤
H sinu2
±2¯
´@ logF¯¯
@u°
+ 2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´@ logF°°
@u¯
¡ 2
³ 1
u1
F 11
@F¯¯
@u1
+
H¤
H sinu2
F 22
@F¯¯
@u2
´
±¯°
¡ 4
³ 1
u1
±1° +
H¤
H sinu2
±2°
´³ 1
u1
±1¯ +
H¤
H sinu2
±2¯
´
= 2
³ 1
u1
±1¯
@ logF11
@u°
+
H¤
H sinu2
±2¯
@ logF22
@u°
´
+ 2
³ 1
u1
±1°
@ logF11
@u¯
+
H¤
H sinu2
±2°
@ logF22
@u¯
´
¡ 2
³ 1
u1
F 11
@F¯¯
@u1
+
H¤
H sinu2
F 22
@F¯¯
@u2
´
±¯°
14
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¡ 4
³ 1
u1u1
±1¯±
1
° +
H¤
u1H sinu2
(±1°±
2
¯ + ±
1
¯±
2
°) +
H¤H¤
H2 sin2 u2
±2°±
2
¯
´
:
From these equalities we obtain
R1
3
º1 =
1
u4u4
±3ºF11 + ±
3
ºA11 +
1
4
±3ºB1
3
31
=
1
u4u4
±3ºF11 + ±
3
º
n
aF11 +
1
u1u1
+
1
4
³ 4
u1
@ logF11
@u1
¡ 2
³ 1
u1
F 11
@F11
@u1
+
H¤
H sinu2
F 22
@F11
@u2
´
¡ 4
u1u1
´o
=
1
u4u4
±3ºF11 + ±
3
º
n
aF11 +
1
2u1
@ logF11
@u1
o
=
1
u4u4
±3ºF11 + ±
3
º
n a
1 + au1u1
+
1
2u1
¡2au1
1 + au1u1
o
=
1
u4u4
±3ºF11;
R1
3
º2 =
1
u4u4
±3ºF12 + ±
3
ºA12 +
1
4
±3ºB1
3
32
=
1
u4u4
±3ºF12 + ±
3
ºaF12 +
1
4
±3º
³ 2
u1
@ logF11
@u2
+
2H¤
H sinu2
@ logF22
@u1
¡ 4 H
¤
u1H sinu2
´
=
1
u4u4
±3ºF12 + ±
3
º
³
aF12 +
1
4
³ 2H¤
H sinu2
2
u1
¡ 4H
¤
u1H sinU2
´´
=
1
u4u4
±3ºF12 = 0;
R2
3
º1 =
1
u4u4
±3ºF21 + ±
3
ºA21 +
1
4
±3ºB2
3
31
=
1
u4u4
±3ºF21 + ±
3
ºaF21 +
1
4
±3º
³ 2H¤
H sinu2
@ logF22
@u1
+
2
u1
@ logF11
@u2
¡ 4H
¤
u1H sinu2
´
=
1
u4u4
±3ºF21 + ±
3
ºaF21 = 0
and
R2
3
º2 =
1
u4u4
±3ºF22 + ±
3
ºA22 +
1
4
±3ºB2
3
32
=
1
u4u4
±3ºF22 + ±
3
º
³
aF22 +
b0
H2
+
cosu2
sin2 u2
H¤
H
´
15
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+
1
4
±3º
³ 4H¤
H sinu2
@ logF22
@u2
¡ 2
³ 1
u1
F 11
@F22
@u1
+
H¤
H sinu2
@ logF22
@u2
´
¡ 4
³ H¤
H sinu2
´2´
=
1
u4u4
±3ºF22 + ±
3
º
³
aF22 +
b0
H2
+
H¤
H
cosu2
sin2 u2
+
H¤
H sinu2
2
H
(b0 ¡ 14) sinu2 ¡
1
2
³ 1
u1
F 11
2F22
u1
+
H¤
H sinu2
2
H
(b0 ¡ 14) sinu2
´
¡
³ H¤
H sinu2
´2´
=
1
u4u4
±3ºF22 + ±
3
º
³
aF22 +
b0
H2
+
H¤
H
cosu2
sin2 u2
+
2H¤
H2
(b0 ¡ 14)
¡ 1 + au1u1
u1u1
F22 ¡ H
¤
H2
(b0 ¡ 14)¡
³ H¤
H sinu2
´2´
=
1
u4u4
±3ºF22 + ±
3
º
³ b0
H2
+
H¤
H
cosu2
sin2 u2
+
H¤
H2
(b0 ¡ 14)
¡ 1
u1u1
F22 ¡
³ H¤
H sinu2
´2´
=
1
u4u4
±3ºF22 + ±
3
º
³ b0
H2
+
H¤H¤
H2 sin2 u2
¡ b0
H2
¡
³ H¤
H sinu2
´2´
=
1
u4u4
±3ºF22:
These results can be written as
R¯
3
º° =
1
u4u4
±3ºF¯° :
Then, we get from (2.15') by setting ¸ = 4
R¯
4
º° =
1
u4u4
±4ºF¯° +
1
4
±4ºB¯
4
4°
=
1
u4u4
±4ºF¯° +
1
4
±4º
³
F 44
@F44
@u¯
@ logF¯¯
@u°
+ F 44
@F44
@u°
@ logF°°
@u¯
¡
X
®
F 44
@F44
@u®
F®®
@F¯¯
@u®
±¯° ¡ F 44F 44@F44
@u°
@Fºº
@u¯
´
=
1
u4u4
±4ºF¯° :
From these results we obtain the formilas
(2.17) R¯¸º° =
1
u4u4
±¸ºF¯° :
16
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Next, we have by (1.11) in [4]
R¸
®
º° = ±®°
n1
4
F®®
³@F®®
@u1
F 11
@F¸º
@u1
+
@F®®
@u2
F 22
@F¸º
@u2
´
+
1
2u4
F 34
³@F¸3
@uº
+
@F3º
@u¸
´
+
1
2u4
F 44
³@F¸4
@uº
+
@F4º
@u¸
¡ @F¸º
@u4
´
+
1
u4u4
F¸º
o
+
1
4
@F®®
@u°
@F¸º
@u®
+
1
2
F®®
@2F¸º
@u°@u®
¡ 1
4
F®®
X
½;¾
F ½¾
@F½º
@u®
@F¾¸
@u°
¡ 1
4
F®®F °°
@F°°
@u®
@F¸º
@u°
= ±®°
n1
4
F®®
³
±¸º
@F®®
@u1
F 11
@F¸¸
@u1
+ ±¸º
@F®®
@u2
F 22
@F¸¸
@u2
´
+
1
2u4
F 44
³
±4¸
@F44
@uº
+ ±4º
@F44
@u¸
¡ ±¸º @F¸¸
@u4
´
+
1
u4u4
±¸ºF
44F¸¸
o
+
1
4
±¸º
@F®®
@u°
@F¸¸
@u®
+
1
2
±¸ºF
®® @
2F¸¸
@u°@u®
¡ 1
4
F®®±¸ºF
¸¸@Fºº
@u®
@F¸¸
@u°
¡ 1
4
F®®±¸º
@ logF°°
@u®
@F¸¸
@u°
;
that is
R¸
®
º° = ±®° ±¸º
n1
4
@ logF®®
@u1
F 11
@F¸¸
@u1
+
1
4
@ logF®®
@u2
F 22
@F¸¸
@u2
(2.18)
¡ 1
2u4
F 44
@F¸¸
@u4
+
1
u4u4
F 44F¸¸
o
+ ±¸º
n1
4
@F®®
@u°
@F¸¸
@u®
+
1
2
F®®
@2F¸¸
@u°@u®
¡ 1
4
F®®
@ logF¸¸
@u°
@Fºº
@u®
¡ 1
4
F®®
@ logF°°
@u®
@F¸¸
@u°
o
+ ±®°
F 44
2u4
n
±4¸
@F44
@uº
+ ±4º
@F44
@u¸
o
:
Now, from
(2.19)
@ logF33
@u®
=
2
u1
±1® +
2H¤
H sinu2
±2®;
we obtain
@2 logF33
@u°@u®
= ¡ 2
u1u1
±1°±
1
® + 2
@
@u2
³ H¤
H sinu2
´
±2°±
2
®;
and
@
@u2
H¤
H sinu2
=
H¤
H sinu2
n
¡ 1
H¤
(b0 +
1
4
) sinu2 +
1
H
(b0 ¡ 14) sinu2 ¡
cosu2
sinu2
o
17
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=
H¤
H sinu2
nsinu2
HH¤
³
¡(b0 + 14)H + (b0 ¡
1
4
)H¤
´
¡ cosu2
sinu2
o
=
H¤
H sinu2
nsinu2
HH¤
(¡b0)¡ cosu2sinu2
o
= ¡
³ b0
H2
+
H¤ cosu2
H sin2 u2
´
;
hence we have
(2.20)
@2 logF33
@u°@u®
= ¡ 2
u1u1
±1°±
1
® ¡ 2
³ b0
H2
+
H¤
H
cosu2
sin2 u2
´
±2°±
2
®:
Now, from (2.18) we have
R3
®
º° = ±®° ±3º
n1
4
@ logF®®
@u1
F 11
@F33
@u1
+
1
4
@ logF®®
@u2
F 33 sin2 u2
@F33
@u2
¡ 1
2u4
F 44
@F33
@u4
+
1
u4u4
F 44F33
o
+ ±3º
n1
4
@F®®
@u°
@F33
@u®
+
1
2
F®®
@2F33
@u°@u®
¡ 1
4
F®®
@ logF33
@u°
@Fºº
@u®
¡ 1
4
F®®
@ logF°°
@u®
@F33
@u°
o
+ ±®°
F 44
2u4
±4º
@F44
@u3
= ±®° ±3º
n 1
2u1
@ logF®®
@u1
(1 + au1u1)F33 +
1
2
@ logF®®
@u2
sin2 u2
H¤
H sinu2
¡ 1 + au4u4
u4u4
F33
o
+ ±3º
n1
2
@F®®
@u°
F33
³ 1
u1
±1® +
H¤
H sinu2
±2®
´
+
1
2
F®®F33
¡@2 logF33
@u°@u®
+
@ logF33
@u°
@ logF33
@u®
´
¡ 1
4
F®®
@ logF33
@u°
@Fºº
@u®
¡ 1
4
F33F
®®@ logF°°
@u®
@ logF33
@u°
o
;
that is
R3
®
º° = ±®° ±3º
n1 + au1u1
2u1
@ logF®®
@u1
F33 +
1
2
@ logF®®
@u2
H¤
H
sinu2
(2.18')
¡ 1
u4u4
F33 ¡ aF33
o
+ ±3º
n1
2
@F®®
@u°
F33
³ 1
u1
±1® +
H¤
H sinu2
±2®
´
+ F®®F33
³
¡ 1
u1u1
±1°±
1
® ¡
³ b0
H2
+
H¤
H
cosu2
sin2 u2
´
±2°±
2
®
+ 2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´³ 1
u1
±1® +
H¤
H sinu2
±2®
´´
18
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¡ 1
2
F®®
³ 1
u1
±1° +
H¤
H sinu2
±2°
´@Fºº
@u®
¡ 1
2
F®®F33
@ logF°°
@u®
³ 1
u1
±1° +
H¤
H sinu2
±2°
´o
:
When ® = 1, from this equality we have
R3
1
º° = ±1°±3º
n 1
2u1
¡2au1
1 + au1u1
(1 + au1u1)F33 ¡ 1
u4u4
F33 ¡ aF33
o
+ ±3º
n1
2
2au1±1°F33
1
u1
+ (1 + au1u1)F33
³
¡ 1
u1u1
±1° + 2
³ 1
u1
±1°
+
H¤
H sinu2
±2°
´ 1
u1
´
¡ 1 + au1u1
2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´@Fºº
@u1
¡ 1
2
(1 + au1u1)F33
@ logF°°
@u1
³ 1
u1
±1° +
H¤
H sinu2
±2°
´o
;
which is arranged as follows
R3
1
º° = ¡±1°
F3º
u4u4
+ ±3º
n 1
u1u1
±1°F33 +
2(1 + au1u1)
u1
F33
H¤
H sinu2
±2°
(2.18")
¡ 1
2
(1 + au1u1)
³ 1
u1
±1° +
H¤
H sinu2
±2°
´³@Fºº
@u1
+ F33
@ logF°°
@u1
´o
:
Hence we get from this equality
R3
1
3° = ¡±1°
F33
u4u4
+
1
u1u1
±1°F33 +
2(1 + au1u1)
u1
F33
H¤
H sinu2
±2°
¡ 1
2
(1 + au1u1)
³ 1
u1
±1° +
H¤
H sinu2
±2°
´³2F33
u1
+ F33
@ logF°°
@u1
´
:
Therefore we obtain
R3
1
31 = ¡ 1
u4u4
F33 +
1
u1u1
F33 ¡ 1 + au1u12u1
³2F33
u1
+ F33
¡2au1
1 + au1u1
´
= ¡ 1
u4u4
F33
and
R3
1
32 =
2(1 + au1u1)
u1
F33
H¤
H sinu2
¡ 1
2
(1 + au1u1)
H¤
H sinu2
³2F33
u1
+ F33
2
u1
´
= 0:
Furthermore, we get easily from (2.18")
R3
1
4° = ¡±1°
F34
u4u4
= 0:
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These results can be written as
R3
1
º° = ¡ 1
u4u4
±1°F3º :
When ® = 2, from (2.18') we obtain
R3
2
º° = ±2°±3º
n1 + au1u1
2u1
@ logF22
@u1
F33 +
1
2
@ logF22
@u2
H¤
H
sinu2
¡ 1
u4u4
F33 ¡ aF33
o
+ ±3º
n1
2
@F 22
@u°
F33
H¤
H sinu2
+ F 22F33
³
¡
³ b0
H2
+
H¤
H
cosu2
sin2 u2
´
±2°
+ 2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´ H¤
H sinu2
´
¡ 1
2
F 22
³ 1
u1
±1° +
H¤
H sinu2
±2°
´@Fºº
@u2
¡ 1
2
F 22F33
@ logF°°
@u2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´o
= ±2°±3º
n1 + au1u1
u1u1
F33 +
H¤
H2
(b0 ¡ 14) sin
2 u2 ¡ 1
u4u4
F33 ¡ aF33
o
+ ±3º
n
sin2 u2
³
¡
³ 1
u1
±1° +
1
H
(b0 ¡ 14) sinu2±
2
°
´ H¤
H sinu2
¡
³ b0
H2
+
H¤ cosu2
H sin2 u2
´
±2° + 2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´ H¤
H sinu2
´
¡ 1
2
H2
b0u1u1
³ 1
u1
±1° +
H¤
H sinu2
±2°
´@Fºº
@u2
¡ 1
2
sin2 u2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´@ logF°°
@u2
o
:
Since we have the equality
¡(b0¡ 14)H
¤ sin2 u2¡b0 sin2 u2¡HH¤ cosu2+2H¤H¤ = ¡b0 sin2 u2+H¤H¤;
the above equality become
R3
2
º° = ±2°±3º
nsin2 u2
H2
(b0 + (b0 ¡ 14)H
¤)¡ 1
u4u4
F33
o(2.18'")
+ ±3º
n
±1°
H¤ sinu2
u1H
+ ±2°
¡b0 sin2 u2 +H¤H¤
H2
¡ 1
2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´¡ H2
b0u1u1
@Fºº
@u2
+ sin2 u2
@ logF°°
@u2
´o
;
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from which we get
R3
2
3° = ±2°
nsin2 u2
H2
(b9 + (b0 ¡ 14))H
¤)¡ 1
u4u4
F33
o
+ ±1°
H¤ sinu2
u1H
+ ±2°
¡b0 sin2 u2 +H¤H¤
H2
¡ 1
2
³ 1
u1
±1° +
H¤
H sinu2
±2°
´³2H¤ sinu2
H
+ sin2 u2
@ logF°°
@u2
´
:
Therefore we obtain
R3
2
31 = 0
and
R3
2
32 =
sin2 u2
H2
(b0 + (b0 ¡ 14)H
¤)¡ 1
u4u4
F33 +
¡b0 sin2 u2 +H¤H¤
H2
¡ H
¤
H
³H¤
H
+
sin2 u2
H
(b0 ¡ 14)
´
= ¡ 1
u4u4
F33:
Since we get easily from (2.18") R324° = 0, we can explain these results
as
R3
2
º° = ¡ 1
u4u4
±2°F3º :
Then we get from (2.18)
R4
®
º° = ±®° ±4º
n
¡ 1
2u4
F 44
@F44
@u4
+
F 44
u4u4
F44
o
+ ±®°
F 44
2u4
n@F44
@uº
+ ±4º
@F44
@u4
o
= ±®° ±4º
n 1
2u4
2au4
1 + au4u4
+
1
u4u4
o
+ ±®° ±
4
º
¡2a
1 + au4u4
= ±®° ±4º
n
¡ a
1 + au4u4
+
1
u4u4
o
= ±®° ±4º
1
u4u4(1 + au4u4)
= ¡ 1
u4u4
±®° ±4ºF44 = ¡
1
u4u4
±®°F4º :
These results can be arranged as
(2:18¤) R¸®º° = ¡ 1
u4u4
±®°F¸º :
Next, we obtain by (1.12) in [4]
R¸
¹
º° = ¡ @
@u°
f¸¹ºg¤ ¡ 12
X
½;¾
f½¾ºg¤F¹½@F¾¸
@u°
¡ 1
2
X
½;¾
f¸½ºg¤F¹¾ @F¾½
@u°
+
1
2
X
¾
F¹¾
@2F¾¸
@uº@u°
¡ 1
2u4
³@F 4¹
@u°
F¸º + F 4¹
@F¸º
@u°
´
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¡ 1
2u4
±¹º
X
¾
F 4¾
@F¾¸
@u°
+
1
2u4
F 4¹
@F¸º
@u°
= ¡1
2
±4ºf444g¤F¹4@F4¸
@u°
¡ 1
2
f¸4ºg¤F¹4@F44
@u°
+
1
2
F¹¹
@2F¹¸
@uº@u°
¡ 1
2u4
F 4¹
@F¸º
@u°
¡ 1
2u4
±¹ºF
44@F4¸
@u°
+
1
2u4
F 4¹
@F¸º
@u°
= 0;
that is
(2.21) R¸¹º° = 0:
Next, we obtain by (1.13) in [4]
R¯
®
34 =
1
4
F®®
X
½;¾
F ½¾
³@F½4
@u®
@F3¾
@u¯
¡ @F½3
@u®
@F4¾
@u¯
´
= 0;
that is
(2.22) R¯®34 = 0:
Next, we obtain by (1.14) in [4]
R¯
¸
34 = ¡12
X
¾
@F ¸¾
@u4
@F¾3
@u¯
¡ 1
2
X
¾
F ¸¾
@2F¾3
@u4@u¯
+
1
2
X
½;¾
F ½¾
³
f½¸3g¤@F¾4
@u¯
¡ f½¸4g¤@F¾3
@u¯
´
¡ 1
2u4
X
¾
F 4¾
³
±¸3
@F¾4
@u¯
¡ ±¸4
@F¾3
@u¯
´
= ¡1
2
@F ¸3
@u4
@F33
@u¯
¡ 1
2
F ¸3
@2F33
@u4@u¯
¡ 1
2
F 43f4¸4g¤@F33
@u¯
¡ 1
2u4
³
F 44±¸3
@F44
@u¯
¡ F 44±¸4
@F43
@u¯
´
= 0;
that is
(2.23) R¯¸34 = 0:
Next, we obtain by (1.15) in [4]
R¸
®
34 =
1
2
F®®
@2F¸3
@u®@u4
¡ 1
2
F®®
X
½
³@F½3
@u®
f¸½4g¤ ¡ @F½4
@u®
f¸½3g¤
´
¡ 1
2u4
F®®
X
½
F 4½
³@F½3
@u®
F¸4 ¡ @F½4
@u®
F¸3
´
= ¡1
2
F®®
@F43
@u4
f¸44g¤ ¡ 12u4F
®®F 43
@F33
@u®
F¸4 = 0;
22
Mathematical Journal of Okayama University, Vol. 45 [2003], Iss. 1, Art. 8
http://escholarship.lib.okayama-u.ac.jp/mjou/vol45/iss1/8
CERTAIN METRICS ON R4+ (III) 185
that is
(2.24) R¸®34 = 0:
Finally, we obtain by (1.16) in [4]
R¸
¹
34 = ¡ @
@u4
f¸¹3g¤ +
X
¾
³
f¾¹3g¤f¸¾4g¤ ¡ f¾½4g¤f¸¾3g¤
´
¡ 1
u4
±¹3
³
f¸44g¤ + 1
u4
F 44F¸4
´
+
1
u4
±¹4
³
f¤43g¤ + 1
u4
F 44F¸3
´
+
1
u4
X
¾
F¹¾
³
F¸3f¾44g¤ ¡ F¸4f¾43g¤
´
+
1
4
X
½;¾
F®®F¹¾
³@F¸3
@u®
@F¾4
@u®
¡ @F¸4
@u®
@F¾3
@u®
´
= ¡ 1
u4
±¹3
³
±4¸f444g¤ +
1
u4
F 44F¸4
´
+
1
u4u4
±¹4F
44F¸3
+
1
u4
F¹4F¸3f444g¤ + 14F
¹¹
X
®
F®®
³@F¸3
@u®
@F¹4
@u®
¡ @F¸4
@u®
@F¹3
@u®
´
=
1
u4
f444g¤(F¹4F¸3 ¡ ±¹3 ±4¸) +
1
u4u4
(¡±¹3 ±4¸ + ±¹4 ±3¸F 44F33)
= ¡ a
1 + au4u4
(±¹4 ±
3
¸F
44F33 ¡ ±¹3 ±4¸) +
1
u4u4
(¡±¹3 ±4¸ + ±¹4 ±3¸F 44F33)
=
1
u4u4(1 + au4u4)
(±¹4 ±
3
¸F
44F33 ¡ ±¹3 ±4¸)
= ¡ 1
u4u4
(±¹4F¸3 ¡ ±¹3F¸4);
that is
(2.25) R¸¹34 =
1
u4u4
(±¹3F¸4 ¡ ±¹4F¸3):
Thus we have proved the following theorem,
Main theorem. For the metric on R4+
ds2 =
1
u4u4
X
i;j
Fijduiduj ;
given by
F11 =
1
1 + au1u1
; F22 =
b0u1u1
H2
; F33 =
b0u1u1 sin2 u2
H2
;
F34 = 0; F44 = ¡ 11 + au4u4 ; F12 = F®¸ = 0;
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® = 1; 2; and ¸ = 3; 4; b0 = constant;
H = (b0 ¡ 14) cosu2 + b0 +
1
4
;
its curvature tensor Rjihk satis¯es the equality :
Rj
i
hk =
1
u4u4
(±ihFjk ¡ ±ikFjh); i; j; h; k = 1; 2; 3; 4:
Furthermore, we have easily the following (see [7]).
Corollary. The space with the metric in the above theorem has constant
sectional curvature ¡1.
Proof. Let ¦ be any two-dimensional nondegenerate tangent subspace at a
point and vi; wi be tangent non zero vectors belonging to ¦ and orthgonal
each other to. Then, using the Einstein convention for summation , we have
Rjihkv
jwivhwk =
1
u4u4
(gihFjk ¡ gikFjh)vjwivhwk
= (gihgjk ¡ gikgjh)vjwivhwk
= gihwivhgjkvjwk ¡ gikwiwkgjhvjvh
= ¡(gikwiwk)(gjhvjvh);
which shows the sectional curvature of ¦ is ¡1. ¤
References
[1] T. Otsuki, Killing vector ¯elds of a spacetime, SUT Journal of Math. 35(1999), 203{
238.
[2] T. Otsuki, On a 4-space with certain general connection related with a Minkowski-type
metric on R4+, Math. J. Okayama Univ. 40(1998), 187{199[2000].
[3] T. Otsuki, Killing vector ¯elds of a spacetime on R4+, Yokohama Math. J. 40(2001),
47{77.
[4] T. Otsuki, Certain metrics on R4+, Math. J. Okayama Univ. 42(2000), 161{182.
[5] T. Otsuki, Certain metrics on R4+, (II), Math. J. Okayama Univ. 43(2001), 143{184.
[6] T. Otsuki, A note on geodesics and curvatures of certain 4-spaces, to appear in Math.
J. Okayama Univ..
[7] B. O'Neill, Semi-Riemannian Geometry, Academic Press, New York, 1983.
Tominosuke Otsuki
Kaminomiya 1-32-6, Tsurumi-ku, Yokohama 230-0075, Japan
e-mail address: totsuki@iris.ocn.ne.jp
(Received April 1, 2003 )
24
Mathematical Journal of Okayama University, Vol. 45 [2003], Iss. 1, Art. 8
http://escholarship.lib.okayama-u.ac.jp/mjou/vol45/iss1/8
